Maximum likelihood and Bayesian methods currently form the most popular means of phylogenetic inference. The Bayesian methods in particular enjoy the flexibility to incorporate a wide range of ancillary model features such as geographical information or trait data which are essential for some applications ([@B26]; [@B32]). However, Bayesian tree inference with current implementations is a computationally intensive task, often requiring days or weeks of CPU time to analyze modest data sets with 100 or so sequences.

New developments in DNA and RNA sequencing technology have led to sustained growth in sequence data sets. This advanced technology has enabled real time outbreak surveillance efforts, such as ongoing Zika, Ebola, and foodborne disease sequencing projects, which make pathogen sequence data available as an epidemic unfolds ([@B20]; [@B31]). In general, these new pathogen sequences arrive one at a time (or in small batches) into a background of existing sequences. Most phylogenetic inferences, however, are performed "from scratch" even when an inference has already been made on the previously available sequences. Projects such as $\documentclass[12pt]{minimal}
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}{}$\texttt{nextflu.org}$\end{document}$ ([@B29]) incorporate new sequences into trees as they become available, but do so by recalculating the phylogeny from scratch at each update using a fast approximation to maximum likelihood inference, rather than a Bayesian method.

Thus, modern researchers using phylogenetics are in the situation of having previous inferences, having new sequences, and yet having no principled method to incorporate those new sequences into existing inferences. Existing methods either treat a previous point estimate as an established fact and directly insert a new sequence into a phylogeny ([@B28]; [@B4]) or use such a tree as a starting point for a new maximum-likelihood search ([@B22]). There is currently no method to update posterior distributions on phylogenetic trees with additional sequences.

In this article, we develop the theoretical foundations for an online Bayesian method for phylogenetic inference based on Sequential and Markov Chain Monte Carlo (MCMC). Unlike previous applications of Sequential Monte Carlo (SMC) to phylogenetics ([@B8]; [@B7]; [@B35]), we develop and analyze online algorithms that can update a posterior distribution as new sequence data becomes available. We first show a consistency result, demonstrating that the method samples from the correct distribution in the limit of a large number of particles in the SMC. Next, we derive the first reported set of bounds on how phylogenetic likelihood surfaces change when new sequences are added. These bounds enable us to characterize the theoretical performance of sampling algorithms by developing a lower bound on the effective sample size (ESS) for a given number of particles. Surprisingly, this result holds even though the dimensions of the phylogenetic model grow with each new added sequence.

Mathematical Setting {#SEC1}
====================

Background and Notation {#SEC1.1}
-----------------------
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}{}$\tau$\end{document}$ with leaves labeled by a set of taxon names (e.g., species names), such that each edge $\documentclass[12pt]{minimal}
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}{}$l_e$\end{document}$. These trees will be unrooted, although sometimes a root will be designated for notational convenience. For each phylogenetic tree $\documentclass[12pt]{minimal}
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}{}$\tau$\end{document}$ as its *tree topology* and to $\documentclass[12pt]{minimal}
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}{}$l$\end{document}$ as the vector of *branch lengths*. We denote by $\documentclass[12pt]{minimal}
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}{}$E(\tau)$\end{document}$ the set of all edges in trees with topology $\documentclass[12pt]{minimal}
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}{}$\tau$\end{document}$; any edge adjacent to a leaf is called a *pendant edge*, and any other edge is called an *internal edge*.

We will employ the standard likelihood-based framework for statistical phylogenetics on discrete characters under the common assumption that alignment sites are independently and identically distributed (IID) ([@B18]), which we now review briefly. Let $\documentclass[12pt]{minimal}
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}{}$j$\end{document}$ across the edge $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
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}{}$N$\end{document}$ is a finite but large number. For all $\documentclass[12pt]{minimal}
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}{}$\{X_1,X_2,\ldots,X_n\}$\end{document}$ as their set of taxa and seek to sample from a sequence of probability distributions $\documentclass[12pt]{minimal}
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}{}$\bar \pi_n$\end{document}$ of increasing dimension corresponding to phylogenetic likelihood functions ([@B18]).
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\begin{align*}
L_n(\tau, l) = \prod_{u=1}^S{\sum_{a^u}{\omega(a^u_{\sigma})\prod_{(i,j)\in E(\tau)}{G_{a^u_ia^u_j}( l_{(i,j)}),}}}
\end{align*}
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}{}$\sigma$\end{document}$ denotes the root of the tree. Although we designate a root for notational convenience, the methods and results we discuss apply equally to unrooted trees.

Given a proper prior distribution with density $\documentclass[12pt]{minimal}
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}{}$ L_n(\tau, l) \pi_0^{(n)}(\tau, l).$\end{document}$ Throughout the article, we assume that the phylogenetic trees of interest all have non-negative branch lengths bounded from above by $\documentclass[12pt]{minimal}
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An important goal of this article is to show that the collection of particles generated by the online phylogenetic sequential Monte Carlo (OPSMC) algorithm do a good job of approximating a sample from the posterior distribution, in the same way that a sample from a MCMC algorithm approximates a sample from the posterior. We would like to show that this approximation becomes arbitrarily good as the number of particles goes to infinity, that is, that the particle distribution converges to the posterior distribution. The type of convergence we will demonstrate is called *weak convergence*, which means here that for any integrable real-valued function $\documentclass[12pt]{minimal}
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}{}$\phi(\tau,l)$\end{document}$. This convergence result also implies weak convergence of many key quantities of interest in phylogenetics: convergence of posterior probabilities on trees, branch lengths, and splits.

The proofs require a slightly more abstract measure-theoretic perspective. A *measure* in this context is a function from subsets of some set to the non-negative real numbers with nice properties, such as that the measure of a countable union of disjoint sets is the sum of the measures of the individual sets. A classic example is Lebesgue measure on subsets of real space, which simply gives the volume of each subset. We can extend this to $\documentclass[12pt]{minimal}
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\|\phi\|_{\mathcal{T}_n}:= \frac{1}{V_n }\sum_{\tau}\int_{[0,b]^{2n-3}}{\phi(\tau, l) \, dl}
\end{align*}
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In this article, we will also be considering measures on collections of discrete particles, which are simply non-negative weights on those particles: the measure applied to a collection of particles is the sum of those particle weights. This measure will be called the empirical measure. Thus, said in measure-theoretic terms, we would like to show that the empirical measure on the particles converges weakly to the posterior measure on $\documentclass[12pt]{minimal}
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Sequential Monte Carlo {#SEC1.2}
----------------------

SMC methods are designed to approximate a sequence of probability distributions changing through time. These probability distributions may be of increasing dimension or complexity. They track the sequence of probability distributions of interest by producing a discrete representation of the distribution $\documentclass[12pt]{minimal}
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}{}$n$\end{document}$ through a random collection of weighted particles. In the online phylogenetic context, these particles are trees; after each generation, new sequences arrive, and the collection of particles is updated to represent the next target distribution.

To make it easier to keep track of all variables involved in the description of SMC, we also provide a table of variables in the Appendix. [Figure 1](#F1){ref-type="fig"} can also be used as a reference to the steps of the algorithm. It is worth noting that the algorithm starts with a set of weighted particles, which are illustrated at the center of [Figure 1](#F1){ref-type="fig"}, right before the "resampling step." While the details of the algorithms might vary, the main idea of SMC interspersed with MCMC sampling can be described as follows.

![An overview of the OPSMC algorithm.](syx087f1){#F1}

At the beginning of each generation $\documentclass[12pt]{minimal}
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This approximation will be formalized into a statement about weak convergence of the empirical particle distribution to the target (in our case the phylogenetic posterior).
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### Markov transition {#SEC1.2.2}

The scheme employed in the resampling step introduces some Monte Carlo error. Moreover, when the distribution of the weights from the previous generation is skewed, the particles having high importance weights might be oversampled. This results in a depletion of samples (or *path degeneracy*): after some generations, numerous particles are in fact sharing the same ancestor as the result of a "selective sweep" in the SMC algorithm.
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### Mutation step {#SEC1.2.3}
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The process is then iterated until $\documentclass[12pt]{minimal}
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Online Phylogenetic Inference via Sequential Monte Carlo {#SEC2}
========================================================

Next, we more fully develop OPSMC and isolate technical conditions that will ensure a correct sampler. For these conditions, we make a distinction between Criteria, which are a more general set of conditions that imply consistency of OPSMC, and stronger Assumptions, which guarantee that the Criteria hold and to enable further analyses of the sampler.

In contrast to the traditional setting of SMC, for OPSMC when the number of leaves $\documentclass[12pt]{minimal}
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General Criteria for a Consistent OPSMC Sampler {#SEC2.1}
-----------------------------------------------
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This formulation is analogous to the definition of "covering" from ([@B35]), although is distinct in the setting of online inference. In either case, for every tree $\documentclass[12pt]{minimal}
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As we mentioned in the previous section, to obtain an $\documentclass[12pt]{minimal}
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Besides the SMC proposal strategy $\documentclass[12pt]{minimal}
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}{}$P^n$\end{document}$ can increase the effectiveness of an OPSMC algorithm. It is worth noting that the problem of sample depletion is even more severe for OPSMC than for typical applications of SMC, since after each generation, the sampling space actually expands in dimensionality and complexity. To alleviate this sampling bias, MCMC steps can be run separately on each particle for a certain amount of time to obtain new independent samples. We require the following criterion, which is as expected for any Markov transition kernel used in standard MCMC.

*At every generation of the OPSMC sampling process, if a Markov transition kernel is used, the Markov transition kernel $\documentclass[12pt]{minimal}
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As we will see later in the proof of consistency of OPSMC, Criterion 2 is the only assumption required of the Markov transition kernel if it is applied. This leaves us with a great degree of freedom to improve the efficiency of the sampling algorithm without damaging its theoretical properties. For example, one can use global information provided by the population of particles, such as ESS ([@B5]), to guide the proposal, or to define a transition kernel on the whole set (or some subset) of particles ([@B2]). In the context of phylogenetics, we can design a sampler that recognizes subtrees that have been insufficiently sampled, and samples more particles to improve the ESS within such regions. Similarly, one can use samplers that rearrange the tree structure in the neighborhood of newly added pendant edges.

We will prove in Theorem 10 that when Criteria 1 and 2 are satisfied, then the OPSMC sampler is consistent.

Designing an Effective OPSMC Sampler {#SEC2.2}
------------------------------------

Although Criteria 1 and 2 guarantee the consistency of OPSMC, they do not lead to any insights about the performance of the OPSMC sampler. From a practical point of view, one is interested in quantifying some measure of efficiency of an MCMC algorithm. This question is even more interesting for SMC (and in particular, for phylogenetic SMC algorithms), since in the general case it is known that SMC-type algorithms may suffer from the curse-of-dimensionality: when the dimension of the problem increases, the number of the particles must increase exponentially to maintain a constant effective sample size ([@B10]; [@B3]; [@B6]; [@B33]).

In this article, we are interested how the ESS of the OPSMC sampler behaves in the limit of a large number of particles. This task is challenging because we need to quantify how the target distribution changes with newly added sequences, and how the proposals should be designed to cope with these changes in an efficient way. Throughout this section, we will also derive several assumptions, imposed on both the target distribution and the design of the proposal, to enable such analyses.

First we assume the prior distribution does not change drastically when a new taxon is added:
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In other words, we assume that on average (with respect to the posterior distribution), the average branch lengths of the trees are bounded from below by $\documentclass[12pt]{minimal}
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As we discussed above, to quantify the efficiency of OPSMC, we need to provide some estimates on how the target distribution changes with newly added sequences. We will discuss in detail below that the most extreme changes on the target distributions happen when some of the target distribution concentrates on a set of trees with short edges, for which a single new sequence can shake up all previous beliefs about the phylogenies of interest. Assumption 4 rules out such pathological behaviors and provides a foundation for analyzing the ESS, although it does impose some limitations. For instance, if we think of a random process generating $\documentclass[12pt]{minimal}
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Throughout the article, we will investigate two different classes of sampling schemes: length-based proposals and likelihood-based proposals.

### Length-based proposals {#SEC2.2.1}
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### Likelihood-based proposals {#SEC2.2.2}
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This assumption ensures that the sampler is efficient as long as the utility function $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$f_n(r, e)$\end{document}$ is "comparable" to the average likelihood utility function up to some multiplicative constants $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$c_1$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$c_2$\end{document}$. By analyzing OPSMC under this assumption rather than average likelihood utility function itself, we have the option to choose other (cheaper) utility functions for the proposal, the most important of which is the maximum *a posteriori* (MAP) utility function $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
\begin{align*}
M_n(r,e) = b \, l_e\sup_{x,y}{~\hat \pi_{n+1}(T(r,e, x,y))}.
\end{align*}
\end{document}$$

Here, we approximate an integral by the MAP multiplied by the area of integration (in this case, $\documentclass[12pt]{minimal}
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}{}$b\,l_e$\end{document}$). This utility function can be computed via a simple optimization procedure that can be done quickly and efficiently in computational phylogenetics software and avoids the burden of sampling the posterior distribution required to compute the average likelihood utility function. The following lemma (proven in the Appendix) establishes that the MAP utility function also satisfies Assumption 7.
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In a similar manner, the distributions $\documentclass[12pt]{minimal}
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This condition plays the same roles as Assumption 5 in the length-based proposal: to guarantee Criterion 1 by ensuring that the densities $\documentclass[12pt]{minimal}
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Consistency of Online Phylogenetic SMC {#SEC3}
======================================
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Theorem 10 shows that approximation by the OPSMC sampler becomes arbitrarily good as the number of particles goes to infinity.

*Theorem 10 describes the asymptotic behavior of OPSMC in the limit when the number of particles of all generations (up to generation $\documentclass[12pt]{minimal}
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However, it is worth pointing out that because the sampler is built sequentially, to make a prediction with a given accuracy at generation $\documentclass[12pt]{minimal}
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Characterizing Changes in the Likelihood Landscapes When New Sequences Arrive {#SEC4}
=============================================================================

Although the consistency of OPSMC is guaranteed, and informative OPSMC samplers can be developed by changing the Markov transition kernels, its applicability is constrained by an implicit assumption: the distance between target distributions of consecutive generations is not too large. Since SMC methods are built upon the idea of recycling particles from one generation to explore the target distribution of the next generation, it is obvious that one would never be able to design an efficient SMC sampler if $\documentclass[12pt]{minimal}
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While a condition on minor changes in the target distributions may be easy to verify in some applications, it is not straightforward in the context of phylogenetic inference. A similar question on how the "optimal" trees (under some appropriate measure of optimality) change has been studied extensively in the field, with negative results for almost all regular measures of optimality ([@B21]; [@B12]). However, to the best of our knowledge, no work has been done detailing how phylogenetic likelihood landscapes change when new sequences arrive.

In this section, we will establish that under some minor regularity conditions on the distribution described in the previous sections, the relative changes between target distributions from consecutive generations are uniformly bounded. This result enables us to provide a lower bound on the effective sample size of OPSMC algorithms in the next section.
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*Recalling that our sequences are of length $\documentclass[12pt]{minimal}
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Using the 1D formulation of the phylogenetic likelihood function derived in [@B15], we can prove that $$\documentclass[12pt]{minimal}
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&\quad= \frac{1}{V_{n+1}}\sum_{\tau_{n+1}}\int_{[0,b]^{2n-1}}{\hat \pi_{n+1}(\tau_{n+1}, u_{n+1}) \, du_{n+1}}\\
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&\quad \ge \frac{A_1}{V_{n+1}} \left(\int_0^{b}{m(y)^S \, dy}\right) \sum_{\tau_{n}, e}\int_{[0,b]^{2n-3}}{ \hat \pi_{n}(\tau_n, u_n) \int_0^{l_e}{dx} \, du_{n} } \\
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&\qquad\times\left(\frac{1}{V_n }\sum_{\tau_n}\int_{[0,b]^{2n-3}}{{\hat \pi_{n}(\tau_n, u_n)}\zeta(\tau_n, u_n) \, du_n}\right).
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\frac{\bar \pi_{n+1}(t)}{\bar \pi_n (\varrho(t))} &= \frac{\hat \pi_{n+1}(t)}{\hat \pi_n (\varrho(t))} \frac{\|\hat \pi_{n}\|}{\|\hat \pi_{n+1}\|}\\
&\le \frac{A_2}{A_1} \frac{1}{\mathcal{Z}_n} \frac{M(y)^S}{\int_0^{b}{m(y)^S~dy}}, \hspace{.24in} \forall t \in \mathcal{T}_{n+1}.
\end{align*}
\end{document}$$

This completes the proof. □
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ESSs of Online Phylogenetic SMC {#SEC5}
===============================

In this section, we are interested in the asymptotic behavior of OPSMC in the limit of large $\documentclass[12pt]{minimal}
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}{}$K_n$\end{document}$, that is, when the number of particles of the sampler approaches infinity. This asymptotic behavior is illustrated via estimates of the ESS of the sampler with large numbers of particles. We note that although there are several studies on the stability of SMC as the generations proceed, most of them focus on cases where the sequence of target distributions have a common state space of fixed dimension ([@B13]; [@B16]; [@B25]; [@B30]; [@B14]; [@B5]). In general, establishing stability bounds for SMC requires imposing some conditions on the effect of data at any generation $\documentclass[12pt]{minimal}
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In this section, we use the ESS ([@B24]; [@B27]) of the particles at generation $\documentclass[12pt]{minimal}
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\begin{align*}
\text{ESS}_{n+1}= \frac{\left(\sum_{i=1}^K{w^{n+1}_i}\right)^2}{\sum_{i=1}^K{(w^{n+1}_i)^2}}.
\end{align*}
\end{document}$$

The detailed derivation of the formula is provided in [@B24] and [@B27], but a simple intuition is as follows: if the weights of the particles are roughly of the same fitness (weight), then the ESS is equal to the number of particles; on the other hand, if $\documentclass[12pt]{minimal}
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}{}${\rm ESS} \approx M$\end{document}$. This formulation of the ESS is usually used to do adaptive resampling, whereas some additional resampling steps are done when the ESS drops below certain threshold. We emphasize that as with other measures of efficiency of MCMC methods, good ESS is necessary but not sufficient to ensure a good quality posterior. From the definition, it is also clear that the ESS could not exceed the number of particles.

The following result, proven in the Appendix, enables us to estimate the asymptotic behavior of the sample's ESS in various settings.

*In the limit as the number of particles approaches infinity, we have* $$\documentclass[12pt]{minimal}
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\begin{align*}
&\lim_{K_{n+1} \to \infty}{\frac{K_{n+1}}{\textit{ESS}_{n+1}}}\\
&= \frac{1}{V_{n+1}} \sum_{\tau} \int_{[0,b]^{2n-1}}{\frac{\bar \pi_{n+1}^2(\tau, l)}{\bar \pi_{n}(\varrho(\tau, l))~Q^n(\varrho(\tau, l), (\tau, l))}~dl}
\end{align*}
\end{document}$$ *with probability 1.*

This asymptotic estimate and the results on likelihood landscapes from the previous section allow us to prove the following Theorem (see Appendix for proof).

(ESS of OPSMC for likelihood-based proposals). *If Assumptions 3, 4, 7, and 9 hold, then with probability 1, there exists $\documentclass[12pt]{minimal}
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}{}$\text{ESS}_{n} \ge \alpha K_{n}$\end{document}$. That is, the effective sample size of an OPSMC sampler with likelihood-based proposals is bounded below by a constant multiple of the number of particles. Moreover, if Assumption 4 does not hold, the ESS of OPSMC algorithms decays at most linearly as the dimension (the number of taxa) increases.*

We also have similar estimates for length-based proposals (see Appendix for proof):

(ESS of OPSMC for length-based proposals). *If Assumptions 3, 5, and 4 hold, then with probability 1, the ESS of OPSMC with length-based proposals are bounded below by a constant multiple of the number of particles. Moreover, if Assumption 4 does not hold, the ESS of OPSMC algorithms decays at most quadratically as the dimension (the number of taxa) increases.*

In summary, we are able to prove that in many settings, the ESS of OPSMC is bounded from below. These results are surprising, since in the general case it is known that SMC-type algorithms may suffer from the curse-of-dimensionality: when the dimension of the problem increases, the number of the particles must increase exponentially to maintain a constant ESS ([@B10]; [@B3]; [@B6]; [@B33]). We further note that although the Markov transition kernels $\documentclass[12pt]{minimal}
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}{}$P^n$\end{document}$ after the mutation step are not involved in the theoretical analysis of the ESS in this section, the results hold true for all kernels that satisfy Criterion 2.

Discussion {#SEC6}
==========

In this article, we establish foundations for OPSMC, including essential theoretical convergence results. We prove that under some mild regularity conditions and with carefully constructed proposals, the OPSMC sampling algorithm is consistent. This includes relaxing the condition used in ([@B8]), in which the authors assume that the weight of the particles are bounded from above. We then investigate two different classes of sampling schemes for online phylogenetic inference: length-based proposals and likelihood-based proposals. In both cases, we show the ESS to be bounded below by a multiple of the number of particles.

The consistency and convergence results in this article apply to a variety of sampling strategies. One possibility would be for an algorithm to use a large number of particles, directly using the SMC machinery to approximate the posterior. Alternatively, the SMC part of the sampler could be quite limited, resulting in an algorithm which combines many independent parallel MCMC runs in a principled way. As described above, the SMC portion of the algorithm enables MCMC transition kernels that would normally be disallowed by the requirement of preserving detailed balance. For example, one could use a kernel that focuses effort around the part of the tree which has recently been disturbed by adding a new sequence.

In the future we will develop efficient and practical implementations of these ideas, and a first step in this direction has already been made ([@B19]). Many challenges remain. For example, the exclusive focus of this article has been on the tree structure, consisting of topology, and branch lengths. However, Bayesian phylogenetics algorithms typically coestimate mutation model parameters along with the tree structures. Although proposals for other model parameters can be obtained by particle MCMC ([@B1]), we have not attempted to incorporate it into the current SMC framework. In addition, we note that the input for this type of phylogenetics algorithm consists of a *multiple sequence alignment* (MSA) of many sequences, rather than just individual sequences themselves. This raises the question of how to maintain an up-to-date MSA. Programs exist to add sequences into existing MSAs ([@B9]; [@B23]), although from a statistical perspective, it could be preferable to jointly estimate a sequence alignment and tree posterior ([@B34]). It is an open question how that could be done in an online fashion, although in principle it could be facilitated by some modifications to the sequence addition proposals described here.
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Notation and variables {#SECA.1}
----------------------
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As described in the introduction, to do integration on $\documentclass[12pt]{minimal}
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Consistency of Online Phylogenetic SMC {#SECA.3}
--------------------------------------

For clarity, we restate below the main steps in the OPSMC and introduce some important notations. We recall that at the beginning of each generation $\documentclass[12pt]{minimal}
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\bar \pi_{n, K_n} = \frac{1}{\sum_{i=1}^{K_{n}}{w_i^n}} \, \hat \pi_{n, K_n}
\end{align*}
\end{document}$$ such that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\bar \pi_{n, K_n}$\end{document}$ approximates $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\bar \pi_n$\end{document}$. A new list of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$K_{n+1}$\end{document}$ particles is then created in three steps: resampling, Markov transition and mutation.

*Resampling step* (the "resampling" step illustrated in [Fig. 1](#F1){ref-type="fig"}).
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*Markov transition* (the "MH moves" step illustrated in [Fig. 1](#F1){ref-type="fig"}). MCMC steps can be run separately on each particle $\documentclass[12pt]{minimal}
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*Mutation step* (the "propose addition of new sequence" step illustrated in [Fig. 1](#F1){ref-type="fig"}).
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\hat{\lambda}_{n,K_{n+1}}(A)=\sum_{i=1}^{K_{n+1}}{Q^n(m^{n}_i,A) ~ \hat{\beta}_{n,K_{n+1}}(m^{n}_i)}.
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*Assume that Criteria 1 and 2 are satisfied. If we define* $$\documentclass[12pt]{minimal}
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h(t) &:= \frac{{\hat\pi}_{n+1}(t)}{{\hat\pi}_n(\varrho(t)) ~ Q^n(\varrho(t),t)}
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}{}
\begin{align*}
\limsup_{K \to \infty} |\bar\alpha_{n,K}(\phi)- \bar\pi_n(\phi)| \le |\bar\pi_{n,L}(\phi)- \bar\pi_n(\phi)| \hspace{.24in} a.s.
\end{align*}
\end{document}$$
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(2). The rationale behind the use of MCMC moves is based on the observation that if the unweighted particles are distributed according to $\documentclass[12pt]{minimal}
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}{}$\bar{\alpha}_{n,K}(\phi) \to \pi_{n}(\phi)$\end{document}$ a.s. for every integrable test function $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\phi: \mathcal{T}_n \to \mathbb{R}$\end{document}$, by choosing $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\phi=P^r(\cdot,A)$\end{document}$ for any measurable set $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$A \subset \mathcal{T}_{n+1}$\end{document}$, we deduce that $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
\begin{align*}
\bar{\beta}_{n+1,K}(A)&=\sum_{i=1}^K{P^r(s^{n}_i,A)~ \bar{\alpha}_{n,K}(s^{n}_i)}\\
&\xrightarrow{K \to \infty} \int_{\mathcal{T}_{n}}{P^r(s,A) ~\bar{\pi}_{n}(s)~\mu_{n}(ds)}
= \bar{\pi}_{n}(A)
\end{align*}
\end{document}$$ a.s., since the Markov kernel $\documentclass[12pt]{minimal}
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\begin{document}
}{}
\begin{align*}
\bar{\lambda}_{n,K}(A)&=\sum_{i=1}^K{Q^n(m^{n}_i,A) \bar{\beta}_{n,K}(m^{n}_i)} \\
&\xrightarrow{K \to \infty} \int_{\mathcal{T}_{n}}{Q^n(m,A) \bar{\pi}_{n}(dm)}\\
&= \int_{A}{\bar{\pi}_{n}(\varrho(t))Q^n(\varrho(t),t) \, \mu_{n+1}(dt)} = \bar\lambda_{n}(A).
\end{align*}
\end{document}$$

Therefore, for any measurable function $\documentclass[12pt]{minimal}
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\(4\) We note that $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}\begin{eqnarray*} h(t)\bar{\lambda}_{n}(t) &=& h(t) \, \bar{\pi}_{n}(\varrho(t)) \, Q^n(\varrho(t),t) \nonumber\\ &=& \frac{{\hat\pi}_{n+1}(t)} {{\hat\pi}_n(\varrho(t)) \, Q^n(\varrho(t),t)} \, \frac{1}{\|\hat\pi_n\|} \, {\hat\pi}_n(\varrho(t)) \, Q^n(\varrho(t),t) \nonumber \\ &=& \frac{1}{\|\hat\pi_n\|} {\hat\pi}_{n+1}(t). \label{e1} \end{eqnarray*}\end{document}$$
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}{}$\|\hat\lambda_{n,K}\|= \|\hat \beta_{n,K}\|=\|\hat \alpha_{n,K}\| = K$\end{document}$.
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}{}\begin{align*} &{\frac{1}{K}\|\hat{\pi}_{n+1,K}\|}\notag\\ &\quad= \frac{1}{\|\hat \lambda_{n,K}\|}\sum_{i=1}^{K}{\hat{\pi}_{n+1,K}(t^{n+1}_i)} = \sum_{i=1}^{K}{h(t^{n+1}_i) \bar{\lambda}_{n,K}(t^{n+1}_i)} \label{eqess} \\ & \quad \xrightarrow{K \to \infty} \int_{\mathcal{T}_{n+1}} {{h(t)\bar\lambda}_{n}(t) \, \mu_{n+1}(dt)}\notag\\ &\quad= \frac{1}{\|\hat\pi_n\|} \int_{\mathcal{T}_{n+1}} {{\hat\pi}_{n+1}(t) \, \mu_{n+1}(dt)} = \frac{\|\hat \pi_{n+1}\|}{\|\hat\pi_n\|} \hspace{.24in} a.s.\notag \end{align*}\end{document}$$
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}{}
\begin{align*}
\bar{\pi}_{n+1,K}(\phi) &= \frac{\frac{1}{K}\sum_{i=1}^{K}{\phi(t^{n+1}_i)\hat{\pi}_{n+1,K}(t^{n+1}_i)}}{\frac{1}{K}\|\hat{\pi}_{n+1,K}\|}\\
&= \frac{\sum_{i=1}^{K}{\phi(t^{n+1}_i) h(t^{n+1}_i) \bar{\lambda}_{n,K}(t^{n+1}_i)}}{\frac{1}{K}\|\hat{\pi}_{n+1,K}\|} \\
&\xrightarrow{K \to \infty} \frac{\|\hat \pi_{n}\|}{\|\hat\pi_{n+1}\|} \int_{\mathcal{T}_n}{\phi(t) h(t) \bar{\lambda}_{n}(t) \mu_{n+1}(dt)}\\
&= \frac{\|\hat \pi_{n}\|}{\|\hat\pi_{n+1}\|} \int_{\mathcal{T}_n}{\phi(t) \frac{{\hat\pi}_{n+1}(t)}{\|\hat\pi_n\|}\mu_{n+1}(dt) }= \bar{\pi}_{n+1}(\phi).
\end{align*}
\end{document}$$
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}{}$\bar\pi_{n+1}$\end{document}$. □
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}{}
\begin{align*}
h(t) &= \frac{{\hat\pi}_{n+1}(t)}{{\hat\pi}_n(\varrho(t)) ~ Q^n(\varrho(t),t)}, \hspace{.24in} \text{and} \hspace{.24in}\\
w^{n+1}_i&=\hat{\pi}_{n+1,K_{n+1}}(t^{n+1}_i) = h(t^{n+1}_i) .
\end{align*}
\end{document}$$
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}{}
\begin{align*}
\bar{\pi}_{n+1,K_{n+1}}(h) &= \frac{\sum_{i=1}^{K_{n+1}}{h(t^{n+1}_i)\hat{\pi}_{n+1,K}(t^{n+1}_i)}}{\|\hat{\pi}_{n+1,K_{n+1}}\|}\\
&= \frac{\sum_{i=1}^{K_{n+1}}{(w^{n+1}_i)^2}}{\sum_{i=1}^{K_{n+1}}{w^{n+1}_i}}\\
&= \frac{\sum_{i=1}^{K_{n+1}}{w^{n+1}_i}}{\text{ESS}_{n+1}}=\frac{\|\hat\pi_{n+1,K_{n+1}}\|}{\text{ESS}_{n+1}}.
\end{align*}
\end{document}$$

On the other hand, by applying Theorem 10 for $\documentclass[12pt]{minimal}
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\begin{document}
}{}
\begin{align*}
&\bar{\pi}_{n+1,K_{n+1}}(h)\\
&\quad\to \bar{\pi}_{n+1}(h)\\
&\quad= \frac{\|\hat \pi_{n+1}\|}{\|\hat \pi_{n}\|} \int_{t \in \mathcal{T}_{n+1}}{\frac{\bar \pi_{n+1}^2(t)}{\bar \pi_{n}(\varrho(t))~Q^n(\varrho(t),t)}~\mu_{n+1}(dt)} \hspace{.24in} a.s.,
\end{align*}
\end{document}$$ which completes the proof via the convergence result ([A.2](#syx087MA.2){ref-type="disp-formula"}). □

An induction argument with Lemma 16 gives the main theorem.

Other Proofs {#SECA.4}
------------

The lower bound is straightforward. For the upper bound, consider $\documentclass[12pt]{minimal}
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}{}
\begin{align*}
\hat \pi_{n+1}(T(r,e, x,y)) \ge m(\delta)^S \hat \pi_n(r) \hspace{.24in} \forall y \ge \delta.
\end{align*}
\end{document}$$
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}{}
\begin{align*}
A=\{(x,y) \in [0, l_e] \times [0, b]: \hat \pi_{n+1}(T(r,e, x,y)) \ge m(\delta)^S \hat \pi_n(r)\},
\end{align*}
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}{}
\begin{align*}
\mathcal{G}_n(r,e) &= \int_{x,y}{\hat \pi_{n+1}(T(r,e, x,y))~dx~dy} \\
& \ge \int_{A}{\hat \pi_{n+1}(T(r,e, x,y))~dx~dy} \ge (b-\delta) l_e ~m(\delta)^S \hat \pi_n(r).
\end{align*}
\end{document}$$

On the other hand, from Lemma 12, we have $\documentclass[12pt]{minimal}
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\begin{align*}
f_n(r,e) \le 2 \frac{M(b)^S}{m(b/2)^S} ~ \mathcal{G}_n(r,e)
\end{align*}
\end{document}$$ which completes the proof. □
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}{}
\begin{align*}
L_{n}(\varrho(t)) = \prod_{u=1}^S{\left(\sum_{ij}{d^{u}_{ij}G^{e}_{ij}(l_e)}\right)}
\end{align*}
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}{}\begin{align*}\label{eq:splitLike} L_{n+1}(t)& = \prod_{u=1}^S{\left(\sum_{ij}{d^{u}_{ij}G^{e}_{ij}(l_e,x,y)}\right)}\notag\\ &=\prod_{u=1}^S{\left(\sum_{ij}{d^{u}_{ij} \sum_{m}{G_{im}(x) G_{mj}(l_e-x) G_{mk_u}(y)} }\right)}, \end{align*}\end{document}$$ where the indices $\documentclass[12pt]{minimal}
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\|\hat \pi_{n+1}\| &= \int_{t \in \mathcal{T}_{n+1}}{\hat \pi_{n+1}(t) \, \mu_{n+1}(dt)}\\
&\ge \int_{t \in \mathcal{T}_{n+1}}{A_1 m(y)^S \hat \pi_{n}(\varrho(t)) \, \mu_{n+1}(dt)}\\
&= \frac{V_n}{V_{n+1}} \int_{r \in \mathcal{T}_n}{\sum_e \int_{x,y}A_1 m(y)^S \hat\pi_n(r) \, dx \, dy} \, \mu_{n}(dr)\\
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&\le \frac{A_2}{A_1} \frac{1}{\mathcal{Z}_n} \frac{M(y)^S}{\int_0^{b}{m(y)^S~dy}}, \hspace{.24in} \forall t \in \mathcal{T}_{n+1}.
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f_n(r)= \sum_{e}{f_n(r,e)}.
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Q^n(\varrho(t),t) = \frac{V_{n+1}}{V_n} \frac{f_n(\varrho(t), e(t))}{f_n(\varrho(t))}~ p_X(x) ~ p_Y(y).
\end{align*}
\end{document}$$

On the other hand, by Lemma 12 and the fact that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$M(y) \le 1$\end{document}$, we have $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
\begin{align*}
\frac{\bar \pi_{n+1}(t)}{\bar \pi_n (\varrho(t))} \le \frac{A_2(n)}{A_1(n)}\frac{1}{\mathcal{Z}_n} \frac{M(y)^S}{\int_0^{b}{m(y)^S \, dy}} \le \frac{1}{u_1 \mathcal{Z}_n},
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These two identities and Assumption 9 imply that $$\documentclass[12pt]{minimal}
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&\int_{t \in \mathcal{T}_{n+1}} {\frac{\bar \pi_{n+1}^2(t)}{\bar \pi_{n}(\varrho(t))~Q^n(\varrho(t),t)}~\mu_{n+1}(dt)} \\
& \quad\le \frac{1}{u_1 \mathcal{Z}_n}\frac{V_n}{V_{n+1}} \int_{t \in \mathcal{T}_{n+1}}\frac{f_n(\varrho(t))}{f_n(\varrho(t), e(t))}\\
&\qquad\times \frac{1}{p_X(x)} ~ \frac{1}{p_Y(y)} \bar \pi_{n+1}(t) ~\mu_{n+1}(dt)\\
&\quad= \frac{a_0}{u_1 \mathcal{Z}_n} \left(\frac{V_n}{V_{n+1}}\right)^2 \frac{1}{\|\hat \pi_{n+1}\|} \\
&\qquad\times\int_{r \in \mathcal{T}_n}\sum_{e}{ \frac{f_n(r)}{f_n(r,e)} \int_{x,y}{\hat \pi_{n+1}(T(r,e,x,y))~dx ~dy}~\mu_{n}(dr) }.
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\end{document}$$

Note that from Assumption 7, we have $$\documentclass[12pt]{minimal}
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f_n(r,e) \ge c_1 \mathcal{G}_n(r, e)= c_1 \int_{x,y}{\hat \pi_{n+1}(T(r,e, x,y))~dx~dy}
\end{align*}
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\begin{align*}
&\int_{r \in \mathcal{T}_n}{f_n(r)~\mu_{n}(dr)} \\
&\quad\le c_2 \int_{r \in \mathcal{T}_n}{ \sum_{e}{\int_{x,y}{\hat \pi_{n+1}(T(r,e, x,y))~dx~dy}}~\mu_{n}(dr)}\\
&\quad= c_2 (2n-3) \|\hat \pi_{n+1}\|.
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&\quad \le (2n-3)^2 a_0 \frac{c_2}{c_1} \frac{1}{u_1 \mathcal{Z}_n} \left(\frac{V_n}{V_{n+1}}\right)^2 = a_0 \frac{c_2}{c_1} \frac{1}{u_1 \mathcal{Z}_n}.
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\begin{align*}
\frac{\text{ESS}_{n}}{K_n} \ge \alpha_1 \hspace{.24in} \forall n\ge N.
\end{align*}
\end{document}$$
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\alpha_2 = \inf_{1 \le n \le N}{\frac{\text{ESS}_{n}}{K_n}}, \hspace{.24in} \alpha = \min\{\alpha_1, \alpha_2\}.
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We also note that without the assumption on average branch lengths, a crude estimate gives $\documentclass[12pt]{minimal}
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Q^n(\varrho(t),t) = \frac{V_{n+1}}{V_n} \frac{l_e(\varrho(t))}{l(\varrho(t))}~ p_X(x) ~ p_Y(y),
\end{align*}
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u_1 = \frac{1}{C_0}\int_0^{b}{m(y)^S~dy}, \hspace{.24in} u_2 =\int_0^{b}{ \frac{M(y)^{2S}}{p_Y(y)}~dy},
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\begin{align*}
\sum_{e}{\frac{1}{l_e(r)} \int_0^{l_e(r)}{\frac{1}{p^e_X(x)}~dx}} ~ \le ~ C \sum_{e}{l_e(r)} ~= ~ C l(r),
\end{align*}
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\begin{align*}
\mathcal{Z}_{n}=\int_{r \in \mathcal{T}_{n}}{{\bar\pi_{n}(r)}\zeta(r)~dr} \ge c
\end{align*}
\end{document}$$ from the assumption on the average branch length (Assumption 4). We have $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
\begin{align*}
&\int_{t \in \mathcal{T}_{n+1}}{\frac{\bar \pi_{n+1}^2(t)}{\bar \pi_{n}(\varrho(t))~Q^n(\varrho(t),t)}~\mu_{n+1}(dt)}\\
&\quad= \int_{t \in \mathcal{T}_{n+1}}{\frac{\bar \pi_{n+1}^2(t)}{\bar \pi^2_{n}(\varrho(t))} \frac{1}{Q^n(\varrho(t),t)}~\bar \pi_{n}(\varrho(t)) ~\mu_{n+1}(dt)} \\
&\quad\le\left(\frac{V_n}{V_{n+1}}\right)^2 \frac{1}{\mathcal{Z}_n^2} ~ \int_{r \in \mathcal{T}_n}\sum_e \\
&\qquad\times\int_{x,y} \frac{M(y)^{2S}}{u_1^2} \frac{l(r)}{l_e(r)} \frac{1}{p^e_X(x)} \frac{1}{p_Y(y)}\bar \pi_{n}(r) ~dx~dy~\mu_{n}(dr)\\
&\quad= \left(\frac{V_n}{V_{n+1}}\right)^2 \frac{1}{\mathcal{Z}_n^2} \frac{u_2}{u_1^2} ~\int_{r \in \mathcal{T}_n} \left(\sum_{e}{\frac{1}{l_e(r)} \int_0^{l_e(r)}{\frac{1}{p^e_X(x)}~dx}}\right)\\
&\qquad\times l(r)~\bar \pi_{n}(r) ~ \mu_{n}(dr).
\end{align*}
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\begin{align*}
&\quad\int_{t \in \mathcal{T}_{n+1}}{\frac{\bar \pi_{n+1}^2(t)}{\bar \pi_{n}(\varrho(t))~Q^n(\varrho(t),t)}~\mu_{n+1}(dt)} \\
&\quad\le C (2n-3)^2 \left(\frac{V_n}{V_{n+1}}\right)^2 \frac{1}{\mathcal{Z}_n^2} \int_{r \in \mathcal{T}_n}{\bar \pi_n(r)\zeta^2(r)~\mu_{n}(dr)} \\
&\quad\le \frac{Cb^2}{c^2}.
\end{align*}
\end{document}$$
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}{}$\text{ESS}_{n} \ge \alpha K_{n}$\end{document}$. □
